
PCIS
A{ pnoc. ITB, voL.;o, No.t, Iees
\:{b/

A note on almost Moore digraphs of degrggifFreei

Edy Tri  Baskoro',  Mirka Mil ler",  Josef Siran"'
'Department of Mathematics, Institut Teknologi Bandung (TB)

"Depariment of Computer Science and Software Engineeing,The University of Newcastle NSW 2308 Australia.
"'Depaftment of Mathematics, SyF, S/ovak Technical University, 813 68 Bratislava, Slovakia

Received:  October 1997; revis ion received:  December 1997; accepted:  January 1998

Abstract

It is u'ell knovrn that Moore digraphs do not exist except lor trivial cases (degrce I or dianretcr l), bLrt there are digraphs of
diameter trvo and arbitrary degree which rniss the Moore bound by one. No exanrplcs of such drgraphs of diamctcr at lcast tlucc are
known, although several necessary conditions for their existence ltave beeu obtained. A parlicularly intcresting uecessary condition
for the existence of a digraph of degree tlrree and diameter k > 3 of order one less than the Moore bound is that the nunrber of its
arcs be divisible by k + 1.

ki tlris paper rve derive a new necessary condition (in tenus ofcl'cles ofthe so-called, repcat pemnrtution) fbr the existence ofsuch
digraphs of degree three. As a consequelrce u,e obtain that a digraph of degree three and dianreter t > 3 u'hich misses the Moore
bound by one cannot be a Cayley digraph ofan gbelian group.

Keywords: Almost L[oore digraphs, degree/dianteter problcnt, voltage assignntent, cq)ley digraphs.

Sari

Cata tan  un tu l<  l i cbcradaan gra f  bcrarah  hampi r  Moore  dcra . ia t  3

Telah lama diketahui bahrva tidak ada graf bcrarah dengan orde (umlah titiknya) sarna dcngan batas Moorc, kccuali untuk kasus-
kasus trivial, yakni untuk dcrajat I atau diarneter l; tctapi, ada grafbcrarah dengan diarncter 2 untuk scbarang dcrilat dcnean orde
satu lebih kecil dari batas Moore. Hingga kini belunr dapat ditunjukkan adanya contoh grafberarah 1'ans scjcnis dcngan dianrctcr
paling sedikit 3, walaupun bcbcrapa syarat perlu akan keberadaarurva telah diberikan. Salah satu syarat perlu yang cukup nrenarik
untuk keberadaan graf berarah dengan dcrajat 3, dianreter k > 3 dan orde satu lcbih kecil dari batas Moore adalah bahri'a junrlalr

busur yang dimilikinya harus dapat dibagi oleh bilangan ft + I .

Dalanr tulisan ini, karni akan menurunkan syarat perlu lain yang berkaitan dengan pemiutasi perulangau yang harus dinrilikinya.
Sebagai konsekuensi, kami dapat menunjukkan bahrva grafberarah tersebut (bila ada) bnkan rnenrpakan graf'bcrarah Cay'ley dari
suatu gnrp komutatif.

Kata kunci: Graf beraralt lmnpir lt'[oore, nra.salah derajat/dianrcter, penrctas,t vollastt, grah bcraralt Co\11t,\i.

I  In t roduct ion and pre l iminar ies

The ivell known degree/dianeter problem for digraplts
is to dcternrine the Iargest order n4,p of a digraplt of
(out)degree at rnost d and diameter at rnost k. A
straighfon'ard upper bound on na3 is tlrc Moore bouttd
t l

t t t  d  k ,

n 1 . 1 1  <  A 1 4 . 1 ,  < l + d + t l 2 + . . . + t .

It is rvell knorvn tltat ro.r = Ala,p only in tlrc trivial cascs'
rvhen d = I (directcd q'cles of lcngth fr + l) or /r = I
(cornplcte digraphs of ordcr d + l), sce I I 2] or [7]. For k
= 2, l ine digraphs of cornplcte digraphs are exantplcs

shon'ing that na.2= ltf a.z - I i f d > 2. On thc othcr hand,

if d = 2 tlten n2.7. < A'I:-* - I for k > 3 (sce [l l ]).
Moreover, from the necessaly conditions obtaincd in

[l0] it follorvs that, 1br examplc, n7.1g < 1\[".k - 2 for 3 < k
< 101 ,  k  # 2711t i5.  503-5921.  Thc quest ion of  u 'hcthcr  or
not  cqual i ty  can hold in  na;  1. \ ldr , -  I  for  c l  > 3 and k >

3 is cornplctcll '  opcn.

For conveniencc, a digraph of (out) dcgrcc at most d,
dianreter al rnost k (l 'here tl > 3 and k > 2) and ordcr
l\,1a,* - I u'ill be callcd a (cl,k)-digraph. It is an easy
excrcise to shou' that a (r1fr)-./ igroph urust bc dircErlar
of dcgrce c/ (thc in-dcgree and out-degrcc of cach vcrtex
arc exactly r/), aud its dialnctcr must be cqual 1o A'.

Sevcral nccessary conditions for the cxislcnce of (riA)-

digraplrs have bcen provcd it {2-61. In panicular, for d
= 3 it rvas provcd in [3] that (],/, ')-digraplts do not c\ist



if k is odd or if k + I does not divide 2 6k - l). All
2

these conditions rclci irt true rvay or anotlter to the so-
called repeats u'hich u'ere first introduccd in Il] and
uhich n'e recall next.

Let G be a (d,k1 digraph. A simple counting argument
sholl 's that for each venex lr of G there exists exactly
one vertex r(u) in G *' ith the propcffy that t ltere are tu'o
u -+ r(u) *'alks iu (i of length not exceeding t. The
vertex r(a) is c:rl led lhc repeat of u. lt can be shonn [3J
that the rnapping v -> r(1,) ts ̂ \ dutomorphism of G. In
rvlut follol's ne shall thcrefore refer to r as the repeot
automorpltistrr of the (cll)-digraph G.

Very recentll ' ,  for d = 3 it has been proved in [6] that all
q'cles of the repeat autonrorphism r (l 'hen l 'r itten as a
pennutation of the vcrtex set of a (3,1)-digraph) ntust
have the same lcuglh. Horvelcr, cl,clcs of length one are
impossible, due to an earlier result of [3] rvhiclr sa]'s that
for k > 3 and d > 2 tirere is rro (r{k)-digraph for u'hich r
is an identity rrutourorphisnt.

The purpose of this note is to erarnirre tlte othcr
extrelne; !r'e shon' tirat the cl,cles of a repeat
autornorphism of a (d,ft)-digraph cannot be too long
(Section 4, Theorenr l). As a consequence ofour rnethod
l'e shall prove that a (d,k)-digraph cannot be a Ca1'ley
graph of an Abelian group. We use an algcbraic
approach to the problern; the basics are introdLrccd in
Sect ions 2 and 3.

2 Algebraic background

Let G be a digraph and let l ' be a subgroup of Aut(G),
the group of all autornolphisms of G, vieu'ed as a group
crf pennutations of the vertex set V(G).In addition, let us
assurne tlrat f is setni-regular on Z(G), that is, for any
ordered pair of vertices r,l/ € L'(G) (possibly u = v) there
exists at rnost one automorphisrn g e I such that SQ) =

v. Then \\'e may dehne the quotient digraph G/f as
follorvs. The vertex set i(G/f) is the set of all orbits
O(u) = {S@), S e f } of the group f on Iz(G). If O(u),
O(v) is any ordered pair of verlices of the quotient
digraph G/f (that is, any pair of orbits of f on Z(G); u'e
do not exclude the case O(u) = O(v)) and if in the
original digraph G there are r arcs ernanating frour u
and tenninating in O(r,), thcn tliere rvill be r parallcl
arcs in G/f emanating from O(a) and tenninating at
O(v). Note that in the case n'hen O(r) = O(v) the r arcs
u'il l becorne r loops attached at the verlex O(a). The fact
that quotient digraphs are rvcll defined (i.e., incidence in
the quotierrt graph does uot depend on tlte choice of a
particular veflex in the orbit) is an easy consequence of
semi-regularity of I on I'(G). It is rnore inrportant to
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notice that the projection p: I,'(G) -+ V(G/f) given by
p(u) = O(u) is a digraph epinrorphisrn.

Note that if, in the situation above, the group I is
regular on I(G) - that is, rf for any ordered pair (a,v) e
I({i) x l,(G) thcre exists exoclly o,?e automorphisrn g e
I' such that g(u) = r, - then G is isomorphic to a Cayley
digraph for the group I and the quotient digraph G/T
consists of a single vcneN only (u'ith r/ loops attached to
it i i G is r/-rcgular).

We shall soon be facing the follol' ing converse problern:
Given a digraph l/. uhat are the possible digraphs G
and scmi-regular subgroups f < Aut(G) for rvhich the
quotient digraph G/f is isomorphic to .4? A complete
aus\\'er can be given in tcrnrs of the so-called voltage
assignments and lifts. Voltage assignrnents on
(undirected) graphs rvere introduced in the early 70's [81
as a dual fornr of current graphs; the latter play'ed a key
role in proving the fanrous Map Color Theorern. Most of
the theory, (suurnrarised in [9]) can be irnrnediately
transferred to digraphs, and in u'hat follows rve outline
onll' the basic facts

Let fl be a digraph, possibly containing directed loops
and/or parallel arcs. Let f be an arbitrary group. Any
mapping u'. D(A -+ f is called a voltage assignment
on fI. The lift of H by o, denoted bi' ff, is the digraph
defined as follorvs: I/(ff) = V(m x f , D(ff) = D(ll) x
f, and there is an arc (rrt) in ffo from (a,g) to (v,h) if
and only if "f 

= g, r is an arc from l to v, and h = gu(x).
The nrapping n : ff + H rvhich erases the second
coordinates, that is, T(u,g) = u and r(r,g) = x for each u
e Y(m, x e D(H) and g e f, is called a natural
projection. Clearly, n is a digraph epirnorphism; the sets
n-'1rr; and n-'1r; are called fbres above the vertex rr or
above the arc r, rcspectively.

For any trvo veflices in the sarne fibre r-11u1 lhere exists
an automorphism of the lift n,hich sends the first vertex
to the second. Indeed, rvithout loss of generality, let
(u,icl)",(u,g) e n-'1a; be a pair of such vertices. Then it
can be easily checked that the mapping Br'. ff -+ If ,
given by Br(r,,h) = (v,Sh) for each (v,h) e Z(If), is an
autornorphism of the lift lf such that Br(u,id) = (u,g).

Obsene that the collection i = {Br; g € f} fornrs a
senti-regular subgroup (isomorphic to f) of the group

.4ut(tf); the fibres coincide u'ith the orbits of i .

A close connection betu'cen quotients and lifts may
already be apparent from the definitions. Indeed, the
basic result ou serni-regular group actions on undirected
graplts, u'hich is Theorem 2.2.2 of [9], irnmediately
translates to the follorving directed version:

Proposition I Let G be a digraph and letf <Aut(G) be
a senti-regtrlar subgroup on I,'(G). Then there exists a
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voltage assignntent a on the quotient digraph Glf in lhe
groupl such that the lift (G/f)'is isornorphic to G.

Thus, for a given quotient digraplt FI, all possible
digraphs G (and semi-regular groups f on I(G)) can bc
re-constructed by considering voltage assigntnents on
the digraph .I/ and the corresponding lifts.

3 The diameter of a l ift

We shall also be interested in recovering sorne
properties of a lift from propertics of the quotient. For
this purpose we outl ine the connection betl 'een closcd
walks in the quotient and in the l ift. Let cr be a voliage
assignrnent on a digraph I/ in a group f . Lct IV = xrx:. . .
x.be a walk in H, i.e., an arc sequence in u4rich the
terminal veftex of x;-1 coincides rvith the initial vertex of
x; for each i,2 < i < rr (rve allorv an arc to bc used
repeatedly). The nurnber n is the length of the u'alk ltrl.
The walk IV is closed if the init ial vertex of x1 and the
terminal vertex of r. coincide. The net voltage of IIi is
sirnply the product aln = a(x1)a(r2)... a(x-). For
convenience, at each vertex we also admit a triviol
closed walk oflenglh 0 and ofunit net voltage.

It is easy to see that for eaclt s,alk Itrl = xrx:. .. x. in I{
from a vertex il to vertex v and for each g e f there

exists a unique walk fr in the lift .Ff emanating from

the vertex (r,g) and such that n(V '1= Itrl. This walk has

the form 17 - (r1.g)(x2.ga(x1))... (x..gcr(x1) cr(x:).
o(r.-r)); it emanates in the lift from the vcrtex (u,g) and

terminates at the vertex (v,gcl;(lI)). The rvalk 17 is often
called a lift of IV.

Note tlrat for an1, trl 'o distinct verticcs (u,g),(,,h) in

V(If) tltere exists a path I7 of length at most fr frorn

(ug) to (v,fi) if and only if the projection II/ = n(t7 ; is a
walk in the digraph ff of length at most k frorn u to v
rvith cr(Il | = g-'h. This immediately implies the
following result on the diarneter of the l ift tcf.[]):

Lemma I Let a be a voltage assignment on a digraph ll
in a group l. Then diant(ff) ! k if ancl onlv if for eaclt
ordered pair of vertices u,t, of H Qtossibl.v u = v) ancl for
each g e I there exists a valk of length < k front u lo t,
whose net voltage is g.

For any verlex ,/ e /1 and auy non-negative integcr / let
a[a;/] denote the set of all distinct voltages on closed
walks in // of length / emanating from u. We norv have
an obvious corollary of Leurma l:

Lemma 2 Let a be a voltage assignntent on a digraph II
in a groupf . If the diameter of the lift I{u is equol to k,
then for each vertex u e H,

k

2'lal ',/ l l>lrI

Proof. According to Letntna I (the case , = 1,), if
diant(If) = k then for eacha e I/(ID and for each g e f
there exists a closed u'alk at r of length < t u'hose net
r,oltage is equal to g. In other u'ords, the union of all scts
cr[rr;/], 0 < t < k, is equal to f; this proves our
incqualit l ' .  a

4 Results

Recall that for d 2 3 and k > 2, by a (rlfr)-digraph l,e
runderstand any diregular digraph of degree r/, diameter
k and order I,Iat - l. Whcn referring to c.ycles of the
rcpeat autolnorphisrn r \\'e nlean the cycles in the cycle
decomposition of r, l 'r i ttcn as a penllutation of Iz(G).

Thcorcm I  Let  G be a (3.k)4 igroph,k> 3,  and let  r  be
lhe repeot autontorphism of G. Then oll cycles of r have
equal length, snraller than 3nlog3kl(k + | - log3k).

Proof. Let I be tlte c1'clic subgroup of --1ul(G) gcncratcd
by r. By Thcorcrn 3 of [6], f acts semi-regularly on
I(G); let the size of each orbit of f on Z(G) be equal to
nr. Consider the quoticnt digraph H = Glf and let I '(11)
= q; clearly n = lIt(G)l = mq. In order to prove our
thcorem it is sufficient to show that q > (ft + I -

log3k)/(3.log3/r).

Accorcling to Proposition l, thcre exists a voltage
assignrnent cr on the quotient digraph /-/ in the (cyclic)
group f such that the l ift l f is isornorphic to the
orrginal digraph G. Although u'e have no infornration
about the stnlcture of the quotient digraph ff (except
that it has g verlices, each of degree three), u,e
ncvcrlheless may establish an uppcr bound on the
nurnbcr of distinct volta!,es on its closed u,alks as
follorvs.

Let x;, I 3 i <3q be the collection of all arcs of /1 and let
c((xi) = ai e I be the corresponding voltages. Fix a
vcrtex r/ e V(m and eslinrate the nurnber of elernents in
thc set cr[r; l] for a fixed t < k. Let II/ be a closcd u'alk in
l/ of length /, emanating frorn (and termiuating at) rr.
Assume that thc u'alk lraverses 7; t irnes the arc x;, ltere

Zl!, i, = r. Thc nct voltage of II l is thcn o(ll) = 
,i,t,",

Frorn this rve irnmediately see that the nurnbcr of
voltages appcaring in the set ct[u;t] is ncver grcater than
the number of  ordercd 3q- tLrp lcs ( i t , . . . j t )  o f
nonncgalive intcgers $'hose surn is equal to /. The
nunrbcr of such ordercd dccornpositions is u'ell knoun



/ r * : r - t \
to be equal to | ]. For the

\ 3 q - l  /

voltages on all closed rvalks at a
therefore obtain:

tt

Zla[u;t11<
t = O

Since dlanr(lf) =,t, bl Lcmmit 2 and tlre inequalify'(l)
/ \
{ k + 3 q l

rve have lfl < I J. Recalling rhat the tifr lf is
\ g'i ''

isornorphic to our (3,fr)-digraph G n,irh r = 3ek - Dl2
vertices and that lfl = nr = n/q, rr' 'e obtain
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cottsists of preciscll '  olle vcrtc\ incident to three loops.
Exarnining thc proof of Thcoreru I one quickly secs that
it is valid for all Abclian (not only cyclic) groups. The
Corollary follorvs.
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nunrbcr of possiblc

of length < i' rve

r ( r+3q - i l  ( r * : n )  ( 1 )
t l  t _ t  ' t
4 t t - l l

r = o \  3 9 - l  /  \  3 q  /

In order to el i rninare s,  $e obscn.e rhar / [k 
l ) .  

U. '

( r+y \  ( t + rn \
3 r ' ' . 2q1  I+ :< : , r l  

' l <1 - t r - t
- \  3q  )  

' \  3q  )

3(3k  -  l )  [ r  + :q )  (2 )
- - - < l  I

2q \. 3q .)

for each ft > 3 and / > l. (Indecd, this is trivially tnre for
I = 1,2, and an eas1, induction tvorks for I 2 2.)
Cornbining this inequalitv u'ith (2) u,e finally obtlrin

and hence q > (k + I - logjt)/(3log3ft). The proof is
cornplcte.!

We har.e the follon'ing obvious corollarv announced
earlier.

Corof  fnry I  Let  G be a (3.k)-d igroph,k> 2.  and let  r  be
the repeat autontorphi.snr of G. Then r centlot con,si.st of
a single cycle.

Proof. If k > 3, the result follou's directly front Theorern
I because q > l. For k = 2 it is su(ficient to obsen,e that
the inequality (2) is not valid for q = LE

Tlte last result can be extendcd sliglrt l- l, by reforrnulating
it in tenns of Cayley digraphs. Let f be a (finite) group
and let X be a generating sct for f. The Caylelt digraph
C(f,t) has vertex set I-, and for an1, ordcred pair of
vertices g.h e T there is all arc ernanaling frorn g and
terminating at /r uhenever gx = h for some x e l'. We
obsen'e that C(f,\) is a vertex-transitive digraph of
degree f\ l; the group f acts rcgularly on thc vcrlcx sct of
the Cal,ley digraph by lcft translations.

Corollary 2 Let G be a (3,k)</igroph. lt > 2. Then G
cannot be a Cavley digraph of on Abeliotl group.

Proof. Assume that a (3.k)-digraph G is isourorphic lo a
Cal,ley digraph C(f,\) u'hcrc f is an Abclian group.
Since f acts regularly on t(G), thc quolient digraph G/f


