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1. IIITRODUCTION

CoDalder the follottiog delay differeotial equatlon

( r ( t ) v ' ( t ) ) '  +  r ( t , y ( t ) , y ( s ( t ) ) )  =  0

s t r e r e f € C ( R x R ' R ) ;
!  €  C r ( [ a , @ ) , R ) ;  r ( t )  >
as t -' @.

( r ( t ) y ' ( t ) ) '  +  p ( t )  f ( y ( t ) ' y ( 8 ( t ) ) )  =  0 c : a  >  0 (1-2)

are assr.@ed cootlnuous on [a,o);
p ( t )  >  0  f o r  t  Z  a ;  aod  g ( t )  - '  @

t u a > 0 ( 1-r)

r h e r e  F  € c ( [ a , - )  x R x  R ,  R ) ;  g €  c ( [ a , - ) , R ) ;  . 6  g r ( [ a ' - ) R ) ;

r ( t )  >  0  f o r  t  : a ;  @ d  8 ( t ) ' '  @  a s  t  +  o '

Clearly, Eq'(1-1) ia oore general than the fol loi t iDg t i .o

dlf fereotlal eqrratloDs

P ,  S
0 and

y " ( t ) .  +  F ( t , y  ( t )  , y  ( g ( t )  )  )  = o t u a > 0 (1-3)

wtrere  F  €  C( la , - )  x  R x  R,R) ;  g€  C( la , - ) ,  R) ,  anc l  g ( t )  t  -

aa t -' @.

Recently, chlou I3l, Erbe I5l, and Ladas [8] have obtaln-
ed sone oecil latlon criterla for Eq.(1-3) ald Bradley [2] fo!
Eq.(1-2), The purpoae of thl-s Paper la to Present condltlons
for the oscll latory of aolutlona of Eq.(1-1)' we tould eee
that oscil latloD crlterla depeod stgnlficaDtly on the rat€ of

lDcrease of the f rnctt cn g(t) aud the bouDdedDess of the fu[c-

tloo r(t). The oaln lesults of the paper generallze aod ex-

teod aoEe of the prevlous results of Bradley [2], chlou [3]'
Kung [7], Travls [10], Haltosn [11], €od Hong [13]. These
resulta are obtalned by uslng Lntegral loequallty and a ltell-

koonn theore! of Ilintner [12]. As a conaequence of our oaln

reaulta, a! oscll latlon crlteria ls glveo for Eq'(1-2).
conslder the equatloD

We
ls

shall call p(t) a
oscll latory for

stroDgly oscil latory
all posltlve l. For

y " ( c )  +  r p ( t )  y ( t )  =  0 (1 -4)

coefficlent 1f (1-4)
the  case p( t )  >  0 ,
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Nehart [9] has sholrn that

l i r l  sup  t  i  p (s )  as  =  "
t + @  ) f

l s  a  necessa ry  and  su f f i c i en t  cond l t i on  f o r  p ( t )  t o  be  a
6 t rong l y  osc i l l a t o r y  coe f f l c i en t .

A  noo t r i v i a l  so luc ion  t o  ( f - 1 ) ,  ( 1 -2 )  o r  ( 1 -3 )  i s  ca l t ed
osc l l l a t o r y  t f  l t  has  a rb i t r a r i l y  l a rge  ze roes  i n  I a , - ) ,  and
nonosc i l l a t o r y  i f  t t  1s  even tua l l y  o f  one  s i gn  on  [ a , - ) .

E q s . ( 1 - 1 ) ,  ( 1 - 2 )  o r  ( 1 - 3 )  i s  s a i d  r o  b e  o s c 1 1 l a t o r y  i f
l ts every solut ion is osci l latory. We shal1 assurDe the exist-
ence  o f  non t r i v l a ]  so fu t i ons  o f  ( 1 - f ) ,  ( I - 2 )  o r  ( 1 -3 )  i n  t he
interval [a,@). A general discussion of existence and unique-
ness  o f  so lu t i ons  t o  de lay  equa t i oos  i s  g i ven  i n  E l r sgo l ' t s
I 4 l  .

2, OSCILLATI.ON CRITERIA

In order .  to prove the osci l lat ion theorem, we need the
fo l l ov l ng  Lemna .  I t s  p roo f  i s  sL rs l l a r  t o  i hose  o f  B rad ley  [ 2 ,
Le@a 2 l  and  E rbe  [ 6 ,  Lemra  I - 2 ] .

Lenna  1 .  Cons lde r  t ne  d l f f e ren r l a l -  equa t i on  (1 -1 ) .  Suppose
tha t  t he  f o l l ow ing  cond i t l ons  a re  sa t l s f i ed l

( i )  F ( t , u , v )  has  t he  s i gn  o f  u  and  v  vhen  t hey  have  t he
- a u r r  J r t t L ,  r u r  L  :  d ,

( 1 i )  F ( t , u , v )  i s  oondec reas lng  i n  bo th  u  and  v  f o r  t  :  a ;
and
/'
I  - i l r \. /  ' \ . ,

Then ,  i f  y ( t )  i s  a  so lu t i on  o f  ( 1 -1 )  t ha t  i s  even tua l l y  pos l -
t i v e  ( n e g a r l v e ) ,  y ' ( r )  >  0  ( y ' ( t )  . 0 )  f o r  a 1 l  l a r g e  t ,

P too f ,  Le t  y ( t )  >  0  f o r  a l l  l a rge  r .  F i r s r l y ,  we  show rha t
y ' ( t )  Z  0  f o r  a l 1  l a r g e  t .  I f  t h i s  1 s  n o t  t r u e ,  t h e n  t h e r e
ex i s t s  a  t -  I a l ge r  t han  t he  l as t  ze roes  o f  y ( t )  and  y (g ( t ) )

o
s u c h  t h a t  y ' ( t  )  <  0 .  F o r  t  :  r

( r ( t ) v ' ( r ) ) ' =  -  E  (  t  ,  y  (  t  )  ,  y  (  s  (  t  )  )  )  a 0 (  ) - 1
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I n teS ra t i l g  ( 2 -1 )  f r on  t o  t o  t ,  we  have

r ( t ) y ' ( t )  !  r ( r o ) y ' ( r o

Hence ,
r ( t  ) y ' ( r  )

. t / t )  <  o  o
i ( t )

( 2 - 2 )

I n teg ra t l ng  (2 -2 )  f r on  t o  t o  t ,  and  l e t t i og  t  +  @,  we  see  t ha t

y(t) is eventual ly negatlve. This contradicts the hypothesls.
Next, let us assuDe that {T-} ls a sequence of real num-

bers at L'hich y'(Tn) = 0, V n, and Tn * -.  Thus, 1t fol lor.rs

f loD the above result that y(t) is nondecreaslng fo! t  suff l-
clently large. Therefore l t  has a l tnir ( f tnlte Doslt lve or
+ -).  Thts iupl les that there exist a constant c > O and a
su f f l c i en t l y  l a rge  t 1  such  t ha r  y ( t )  >  c  and  y (g ( t ) )  >  c  f o r

a l l  t  Z  t t .  8y  cond i t l ons  (1 )  and  (11 ) ,  F  (  r  ,  y  (  t  )  ,  y  (  S  (  r  )  )  )  >

F ( t , c , c )  >  0  f o r  L  2  t t .  Thus ,  by  choos ing  a  Tke  {Tn }  so

that Tk Z t1, '  i 'e obtain froc Eq.(1-1) that for al l  r  > tk

( r ( t ) y ' ( t ) ) '  <  -  E (  t ,  c ,  c ) (2-3)

Integrartng (2-3) fron T ro T_,, (n -:  k),  sl .Elnln8 over then n+l - '  .

lndices n and uslng the fact thar F(t,c,c) > 0 for t  Z Tk, rre

ob ta ln  a  con t rad i c t l on ,  Thw ,  we  have  t ha t  y t ( t )  >  0  o r
y ' ( t )  =  0  f o r  a l l  l a r8e  t .  Howeve r ,  t f  y ( t )  =  0  f o r  a l l  l a rge
t, then y(t) = c for sode constant c > 0. A contradlct lon
fo l l ows  imed la te l y  f l oo  Eq . ( I - I )  and  cond i t i on  (1 ) .  The re -
fo re ,  y r ( t )  >  0  f o r  a l l  l a rge  t .  The  p roo f  r ema ins  t he  same
i f  y ( t )  <  0  f o r  a l l  l a rge  t .  Th i s  conp le tes  t he  p roo f .

With the help of Lema l,  we prove the fol loving tehorem.

Thearem 1: Conslder the dtfferentlal equation ( l-1). Suppose
that the fol lowing condlt lons are satisf led

( i )  F ( t , u , v )  has  t he  s i gn  o f  u  and  v  vhen  rbey  have  t he
c 2 m a  < i o n  f n r  r  >  o .

( f i )  F ( t , u , v )  i s  nondec reas ing  l n  bo th  u  and  v  f o r  t  :  a ;
/r

( i l i )  |  -4 ! -  = - ,  -a
I  r ( E )
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(1v)  |  l f ( t , c ,c )  ld t  =  - ,  fo r  every  cons tan t  c  t  O.
)

rnen E l l .  ( r -1 . ,  1s  osc l I l -acory .

Proof: Let y(t) be a nonoscll latory solutlon of (l:1). Slnce
all the assuoptions of Le@a 1 are satlsfied, it follows fron
Lema 1 ,  tha t  ve  nay  assume y( t )  >  0  and y ' ( t )  >  0  fo r  a l l  t :
to : a. This lnplles that y(t) - L as t + -, where L 16 a

f in l te  pos l t l ve  o r  +  - .  In  e i ther  case,  there  ex is t  a  con-
s t a r t  c  > - 0  a o !  a  t r ,  t l  I  t o ,  s u c h  t h a t  y ( t )  >  c  a n d  y ( g ( t ) )
>  c  f o r  a l l  3 2 t 1 .

By cordtttons (t) and (i l), i t follows fron integrating
(1-1) froo tt to t that fo! all r > 11

( t
r ( t ) y ' ( t )  =  r ( t r ) y ' ( t r )  -  

{  F  (  s  ,  y  (  s  )  ,  y  (  e  (  s  )  )  )  d €
t t ,

( r
s  r ( t . , ) y ' ( t ' , )  -  

[  F ( s , c , c ) d s
- 1

(2-4)

Thus ,  we  ob ta in  f r on  cond i t i on  ( i v )  t ha t  r ( t ) y ' ( t )  i s  even tu -
a l l y  nega t i ve  f o r  su f f i c l en t l y  l a rge  t .  Fu r the r ,  s i nce  r ( t )  >
0 ,  I t  1s  c l ea r  t ha t  y ' ( t )  t s  even tua l l y  nega t i ve .  Th i s  con -
t r ad i c t s  t he  f ac t  t ha r  y r ( t )  >  0  f o r  a l l  t  :  t o .  A  s l n l l a r

arg!@ent appl ies to the case in which y(t) < 0 for al l  large
t .  T h l s  c o n p l e t e s  t h e  p r o o f .

Note that TheoreD 1 contalns Theorem 3-1 of Ladas [8] in
the  case  n  =  2  as  a  spec ia l  case .

Remal,k 1. The coodlt ion ( iv) of Theorem 1 ls not a necessary
condit lon as shown ln the fol lo' ,r ing exanple.

Consider the equation

y "  ( t ) v ( t )  =  0, 1

z t

clearly,
equation
1 2 1 ) .

the
as

condit ion ( iv) is
os  c i 1 l a to r y ,  ( see

no t  sa t  i s  f i ed .  Hoaeve r ,  t he
Be l l r nan  I l ] ,  Theo rem 10 ,  p .
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I n  o r d e r  t o  o b t a i n  t h e  d e s i r : e d  o s c i l l a t i o n  c r i t e r i a  f o r
E q . ( 1 - 1 ) ,  w e  s h a 1 l  i n p o s e  s o m e  r e s t r i c t i o n s  o n  g ( t )  a n d  r ( t ) ,
S u p p o s e  r h a t  t h e i e  e x i s t s  a  d i f f e r e n r i a b l e  f u c n t i o n  q ( t )  s u c h
tha t

f o r  s u f f i c i e n t  1 v  l a r g e  t .

We prove the folowing theorem using a weLl-known theorem
o f  w i n t n e r  [ 1 2 ,  p a r t  4 ,  p . 3 7 1 ]  .

Theo ren  2 ,  Cons ide r  t he  d i  f f e ren t i a l  equa t i on  (1 -1 )  .  Le t
B ( t )  and  q ( t )  sa t l s f y  ( 3 -1 )  and  suppose  t ha t

(1 )  F ( t , u , v )  has  t he  s i gn  o f  u  and  v  when  they  have  t he
same  s i l i n  f o r  t  :  a ;

( f f )  F ( t , u , v )  1s  nondec reas ing  1n  bo rh  u  and  v  f o r  t  :  a ;
( i i t )  there exists a posit ive nondecreaslng contlnuous frmc-

t i on  k ( t )  f o r  t  :  a ,  and  a  cons tan t  M  >  0  such  t ha t
J u l  >  u  i m p l l e s

( l - 1 )

llil 
*' ltlgl'l+"-t*'] >. 1rrt,",")1 (3 -2)

for every
some e >

,]
( 1 V r - ) '

and

(v) l i in sup t

for every
r y .

cons tan t  I  >  0 ,  f o r  sohe  cons tan t  c  I  0 ,  f o r
0  and  f o r  su f f i c i en t l y  l a i ge  t ,

,  0  a n d  r ' ( t )  1 O  t o r  s u f f i c t e n t l y  l a r g e  t ;

/o r l l : : :<s 'o.=- (3-3)
) i  r ( ( g ( s r J

cons tan t  c  +  0 .  Then Eq. (1 -1)  i s  osc i l la to -

Proo f :  Le t  y ( t )  t e  a  nonosc l l l a t o r y  so lu t l on  o f  Eq . (1 -1 ) .
Then ,  by  ( i v )  and  Lenn l t a  I ,  ae  uay  assune  tha t  y ( t )  >  0  and
y ' ( t )  >  0  f o r  a 1 l  l a r g e  r :  t o :  a .  ( T h e  c a s e  y ( t )  <  0  c a n  b e

s im i l a l l y  t l ea ted ) .  Choose  .  a l  i  t o  so  t ha t  q ( t )  >  t o  and

r ' ( t )  :  0  f o r  r  :  1 1 .  T h e n  i t  i s  e a s i l y  v e r l f l e d  f r o n

! : q . ( 1 - 1 )  t h a r  y " ( r )  ! 0  f o r  t  I  L t .



Cl -ea r1y ,  f o r  t  :  r 1 ,  w ( t )  sa t i s f i es

,' (.) * @"(;{j;@ * iiG):-$flsl-G)- = o

Define

Slnce y(t) is lncreasiog and

l i b l t  ( a  f i n i t e  pos l t i ve  o r
cases separately,

( i )  I f  l r u r  y ( t )  =  L ,  i r he re

t2  >  t l ,  so  t ha t ,  f o r  r  U  t 2

- / ; \ , , r  / r \
w(L) = j- ]- :- lr  -r-:-a for t  > t , .y ( q { E ) . )  -  I

p o s i t i v e  f o r  a l l  t  >  t .-  -  o -
+  - ) .  We  sha l l  d i scuss

0 < L < - ,  t h e n  w e  n a y

(  3 -4)

it has a

these tno

choose a

(3-1'

y( t )  >  l .  L  and y (g( r ) )  >  t ,  L (3-5)

Stnce yr(t) is nonincreaslng for t: t l , i t follows froD the
oean value theoreD that O < o y(t) 5 t for: sone posltlve con-
stant s and for all large t:. t3 U 12. Thus, lf lre choose a
t4 :. ca so that g(t) Z 13 for t : 14, rre have

o y (g(c ) )  <  s ( t )  (3 -6)

fo !  t  >  t4 ,

Slnce F,k are nondecreaalng, and y(t) ls lncreaslng for
t :- t2, it follovs frou (3-1), (3-5) and (3-6) rhat for I Z t4

r  (  t  ,  v  (  t  )  ,  v  (  g  (  t  )  )  )  ,  k ( o v  ( e ( r )  )  )  F  (  t  ,  y  (  t  )  ,  y  (  s  (  t  )  )  )
y ( q ( t ) )  -  k ( 0 y ( c ( t ) ) ) . y ( r )

'  k(r':cl) r(t 't-t.r',r)-  k ( e ( t ) ) .  L

= a F (t ''J' ''J-)
"  k ( e ( t ) )

L fLdI \
w h e r e  = T t O .
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(1 t )  Now '  suppose  t ha t  y ( t )  *  -  as  t  +  @.  S lnce  y r ( t )  1snodlncreaslnS for t : tl, it fotlogs i.". ir,.-..i i .,iJ. tt,"_

:i: ',:hi: O l o t(.) S t for sooe positlve cousraat c and foru j . . t " . t "  . : .5  I  11.  Thus,  t f  ve choose . - tu  l i r -  l .  t r , . t
8(t) > t5 for t  :  tb, 9'e have

0 < o y ( g ( t ) ) S s ( r )

f : !  
-1 . .  nondecreas lng ,  and y ( t )(3-1),  (3-8) ana .""ai t ron (r i r i  ,

fo r  t  :  t_ .

Slnce
deduce froo
>  t ,- D

F( t  .y  ( t )  .  v  (p  ( t )  )
v ( q ( t ) )

k (a

k ( s ( t ) )

r"(t) + e +t+9Q-K ( 8 ( r ,

(3-8)

ls lncreaslng, r.e
t h a t f o r r Z t T

(  3-9)

(3-9) , r 'e see
t7. Furthe!,

> \

ror soDe e > 0, and for sorde constant c f 0.
In  v iev  o f  ,neoua l i i v  (3_7)  ana fnequat f ty

tha t  (3 -9)  ho lds  t iue  fo r  bo th  cases ,  i . .  ; is tnce  y r ( t )  le  non iDcreas lng  fo r  t :  t , ,  , "  t  
" . , !

Thtls, (3-4) ls reduced to

v(t) -J-f|!(!).
y ( q ( E / r r ( t ,

')
  v (t,) ( 3-10)

+y  I  
" 21 t1  <o ( 3-11)



8 5

Now,  le t  R( t )  =y  I  w( t ) .  theo,  ve  ob ta ln  the  fo1 lowln8  Rtc -
catl lnequallty froo (3-IL)

R'(r)  + R2(t)  + i r . f f i f  .  o (3-r2)

Thus, lt follovs frou the result of Wlotner [I2, part 4, p.
3711,  thar  the  equat ion

v"(t)  + Ylc #:*.{  y( t)  = o (3-13)'  r ( (g ( r ) , ,

ls Eonogcll1atory.
But this contradicts the fact that condltlon (v) ls a

necessary aDd sufflcleot condltlon 6or !1!rS.r-9I to be a

6tron81y oscil latory coefficlenc t.r un:|3:i ' l j  . Thus coo-
p le tes  the  prdo f .

Remark 2. rf git) < r ln TheoreD 2, rhe conditlons (11i) aod
(1v) can be replaced, reopectlvely, by
(i lf) '  there exlsts a posltlve nondecreaslng contlduous func- 

i

t lon k(t) for t : a such that fo! sufflclently large c

llil" 
*t lkgl"D"i(Nl .. 1",.'","'l (!rqr

l " l ' l " l
for every constant q > 0, foi soue e > 0, and for some
constant c I 0

I  l F ( s . c . c )  I(tv)' l in s r.rp t f
t *  J  

- i ( J - ' 0 " = -  ( 3 - 1 5 )

for ever) constant c f 0.

Conslder the follolrlng equat lons

y " ( r )  +  r . ( r t r n  t ) *  y ( ! , n  t )  =o  r>1  (3 -16 )
and

( t t  y ' ( t ) ) ' a u o " - 7 / 4  y ( ' . t )  = 0  r > r  ( r - r 7 )
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l.e se€ tbat both equatioos have nonoscillatory solutions y(t)
= /t-  E(rever, iD vier, of Eq.(1-4) ee note that p(t) =

t  ( t l o  t ) *  and  p ( t )  =  4  [ 714  a re  s t roog l y  o6c i l l a t o r y  co€ f -
fici€ota. Thus, the asstetioDsr oD tbe rate of increase of
g(t) ad the boundedDess of r(t) giveo in Theorer 2 are nec-
essarJr.

ge shall prove the followilg theorei.

Theo|n 3: Consider the differ€otial equati(D (1-l). Let
8(t) @d q(t) satisfy (3-1), aad suppose that coDdit ios ( i) ,
( i f) ,  ( t t i )  ad ( iv) of Theorer 2 are satlsf ied. nr€o, i f

[ [^' n+t*# - i-.J u. = - (4-r)

for ecrt cotlstaat c # O, Eq. (1-1) i-s osclllatory.

Prwf: t€t y(t) be a noDoaclllatory solutidn of (l-1). Uslog
the atgr.lat sLl.lar to that of Tteor€! 2, e lay a.ssr.E| that
y ( t )  >  o ,  y (q (c ) )  >  o ,  y ' ( t )  >  o ,  s t rdy" ( t )  <  0  to r  a l l  rz t l
2 a .
;;;" .Y(t) = -.r"it$jt ror t > tr.
Dtffer€attattlg the e4rressl-a for s(t), lt follorra frr
Eq. (1-1) that for t > tl

t  r ( t )v ' ( t )  (v (q  ( t )  )  )  '

y-(q(t) )
(1-2)

,,(.) = . .(.,;[;iiif"(.,,, _ **r#;t.

Araul-Da as for theoren 2. ve have for all t ) To 2 al

r(r.v(tJ,,y=(F(t) ) ) , . I!!4-a5)_, o (4_3)
y(q( t ) )  -  "  k (c ( t ) )  "

for s(- cDDstant c # 0, ad s@ E *rtridr ls cioseD in such a



t : a

rem

r h a t  i  : .
r  

I ,  
i t  f oL  l oL ' s

2  t ha r

: . , .  !  . r ,  i  r n e e

I  r a i i  t h e  a r S u m e r r

i  :  I  i s  n c n . 1 e . :  i  , - ' : i s  i . ' g  f t r r

s i m i l a r  t o  c h a t  o f  
_ f h e o -

t  r  (  t  )  v  '  (  L  )  (  v  (  a  (  t  )  )  )  '  ,  ^ \ /  " - ! ! I' L

v -  ( q  ( t )  )

(4-4)

(  4-s)

(4 -6)

By  (4 -3 )  and  (4 -4 ) ,  l l e  see  t ha t  Eq . (4 -2 )  can  be  reduced  to

v,(t) >. e tf;fri*. 2 .
! r ( t )  ,  D  ( r )

t E

f o r t Z T
o

Since

L e t  H ( t )  =  f i w ( t )

" ( t ) * ^ " " 2 ( t )t t

E0 <

I
e

( c
+l

) . 1

< 1 ,  Eq,  (4 -5)  becooes

r  i ' l r  ^  - l
r / r \  >  

e . \ e r ! r ! /  
+

k ( s ( t )  )

T h e n , f o r t 2 T o

f r on  To  t o  t ,  we  ob ta in

f:--rf!,-s'Q- - 1l 
". 

*
I  k(e(s) )  4IysJ --

r t  . . 2 ,  r
+ [ 

t*s o" (4-7)
) T

o

. 1
2r'^t

v ' ( t )
e

n2( t )  _  r
t 4^y t

In tegra t ing  (4 -6)

t t  ( t )  ,  
H(To)

eN .N

By (4-1) and the fact that lY > 0, r,re see that the sum of the
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first t i .o terDs on the r ight side of (4-7) wi l l  be posit ive
fo r  su f f i c i en t l y  l a rge  t  :  T l  U  To ,  and  hence  f o r  t  Z  T l

.r ' )
H ( r )  >  l -  

H - ( s )  6 "  =  x 1 1 )
. N  , t o  s

n 2 ( r )  z .  t < 2  ( r )
T h u s ,  K ' ( t )  = T 2 c - i 1  : ,  a n d

*.s-*-  59 ror t  :  11 (4-8)
-  e - lY  K-  ( t )

Integratlng (4-8) froro Tl to t, and letting t + -, i.,e obtain

l l r
I : dt < -t--=- < -
,Tt  -  e- ly  K(Tr)

thls ls a .orr aaaaf"afo.r. The case y(t) < 0 cao be tleated ln
the same way. This conpletes the proof.

Note that lre cao see from Theoren 3 that the assunptlons
oo the rate of lnclease of g(t) and the boundedness of r(t)
are requlred for (4-1) to hold,

Retna"k 3
(1) In partlcular, Theoreo 3 sholrs that Eq.(1-1) ls oscll la-

tory, 1f

u, 1,.,r t l,rtt lla:) I , t+- l.-s)
.* k(c(t) ) 4lr

for every constant c I 0.
(t l) If C(t) S t in Theoren 3, condttion (itt) can be re-

placed by (i l i)r of Rernark 2, and (4-1) by

/ e  |  ' |  .  \

I  l l y  r tF ( t . s , c )  |  _  l .  l  a .  =  _  (4_10)
J t  k(r)  4L)

for every constant c I 0.
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As a consequeDce of Theoren 3, ue have the fol loUing co-

ro l l a r i es .

CotwLLatA l . '  conslder the dif ferential equarion (1-l)  '  Let

g ( t )  aD iq ( t )  sa t i s f y  cond i t i on  (3 - l ) '  and  supPose  tha t  cond i -

i i " os  ( i ) ,  ( r 1 ) ,  ( i i i ) ,  and  ( i v )  o r  Theo rem 2  a re  sa t i s f i ed '

Further, i f

(  4 -  1 1 )

for every coDst.mt c I 0, and for some 6 < 1' Then, Eq'(1-1)

i6 oscll latory.

P?oof: t..otu (4-U) lt is clear that for any e > 0

A .

iltl:,:'El , ---t- G-rz)
L ( g ( t ) )  

-  
t l + c

f o r  a l ' l  t Z T ^ > " .  T h u s ,  i f  e  i s  c h o s e n  s o t h a t e + 6  < 1 '

se have

[ . , -  t  l r ( t .c,c) l  -  - I - l  ,  Yr.  -  ] . -  r  1[r . ,  t t - ( t+6) -  |
[ ^ '  11g( t ) )  4 tJ  

-  
L '+ i j  

4 t  -  t \  '+ )

Therefore, for all t z T1 : To

[^'d+[:6# -,.-J -+ (4 -13)

Integrating (4-13) froo Tl to t '  and letting 1 + -, we obtain

(4-1). Thus, lt follows from Theorem 3 that Eq'(1-1) is os-

cl11acory.
Io vies of the inequality G-Lzr, i ' t  ls readily seeo that

the condition (4-11) lnplies the condition (3-3)'
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Us ing  t he  s im i l a r :  r echn ique  as  f o !  Co ro l l a r y  1 ,  ue  have

Co toL la rg  r . '  Cons ide r  t he  d i f f e ren t i a l  equa t i on  (1 - l ) .  Le t
g ( t )  and  q ( t )  sa t i s f y  cond i t i on  (3 -1 ) ,  and  suppose  t ha t  cond i -
t i ons  ( i ) ,  ( i i ) ,  ( i i i )  and  ( i v )  o f  Theo ren  2  a ie  sa t i s f l ed .
Fu r the r ,  i f

l,

( -  t  i F ( r , c , c ) l

J <* *uP u,*, " '  
= - (4 -14)

for every constant c * 0, and for s orne B > 1. Then Eq.(l-1)
ls  osc i l la to ry .

Proof: Clearly, the cooditior (4-14) implies that for any
given 0 > I

t  i F ( t , c ,  c )  |  1

( 1 o g  e ( t ) ) F  k ( g ( t ) )  t ( r o g  r ) o  
- ' o  -  -

Thw, choosing o < $, and uslng the fact that q(t) : b t for
sone b wlth 0 < b Sy and fo! t : t l  Z a, r. 'e have

"^  

t  l . r ( t , c rg )  |  ,  ^ '  
(1oe e( t ) )B  ,  r . , ,  l l fg  j_ ( ! )  n

l ( ( 8 ( t )  I  
t ( r o g  t ) 0  t ( 1 o g  t ) a

. .  . B  l q
' rv s&j+ > + i+f++l (roe bt)b-a (4-ts)

t ( r o g  t ) o  t  \ r o g t  J  
-

-  - - - -  J -  -  \-  ! ' d ^  |  L o ,  L l r  .

l oc  b tSlnce 
i;;l- 

+ I a5 t + e, there exlsts for: every given e

nith 0 < . . i , u t3 z a such ttrat 
{f .E 

> 1 - € for t Z t3.

Thus, for t 2 14 = nax {tlta}, the inequallty (4-15) becones

^" t{*1f;*. 1, 1!,:-:fJ.&a-!aB-"
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The re fore,

[ r ,  t  l r ( t , " , . ) l  -  L l  , . r  
(  

"  R - /Y  r ' )
l .  '  k (e ( t ) )  a t l  -  i [ r v  

( ]  -  € ) "  ( l os  b t ) -  *  -  
?1

>  1  f o r  a l l  t  >  t 5  >  t 4  (4 -16 )

Integratlng (4-16) froD t5 to t ,  and lett ing t )  o'  ue obtain

(4 - l ) .  Thus ,  by  Theo ren  3 ,  Eq . (1 -1 )  l s  osc i l l a t o r y .
Applying Ttreoren 2 and Theorem 3 to the Eq.(1-2) se ob-

t  a i n  t he  f o l l o ' r l ng  Co ro l I a r y ,

CoroLLaJ'U 3. '  Conslder the dif ferential equatiod ( l-2). Let
g ( t )  and  q ( t )  sa t t s f y  t he  cond l t i on  (3 -1 ) ,  and  suppose  t ha t
the fol lovlng condlt lons are satlsf led

(1) f(u,v) has the sign of u add v vhen they hsve the sare

s tgn ;
( f 1 )  f ( u , v )  i s  nondec reas lng  l n  bo th  u  and  v i

(11i) there exlsts a poslt ive nondecreaslng contlnuotls func-

t ion k(t) for t  :  a, and a constant l ' l  > 0 such that

l u l  >  M  i op l i es

liil'"' l*l='#*tl '. ' o (5-1)

for every constant o > 0 and fol some e.
1

( i v )  - - - ; - : =  - : .  r  >  0 ,  and  r ' ( t )  I 0  f o r  a l l  l a rge  t ;

r^
( v )  e i t h e r  l i m  s u D  c  ,  ! ( ! ) . .  a "  =  -  ( r - 2 )

j  k ( g ( s r , l

o r

[ (t *tft} - f,] .. = -. (5-3)

Theo,  Eq,  (1 -2)  i s  osc i I la to ry .
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Rena."k 4
( l )  I f  s ( t )  S t

(lv) can be lep1aced,

( i i i ) '  there  ex is ts  a
t ion  k ( t )  fo r

i n  Co ro l l a r y  3 ,  cond i t i ons  ( i i i )  and
respectively, by

posit ive nondecleasing continuous func-
L 2 a s u c h t h a t

l " l : l " l
for every constant

(5 -4)

(5 -5)

( 5 - 6 )

( 5 - 7 )

and 8 (t) + -

when r (t)  =

the follorr-

( 5 - 7 ) .  L e t
of the fol-

(5 -8)

(  5 -9)

s  >  0 r

""n . I: f,(* o" = -

rilo inr lB(sEIIlG,-cIl , o
l " l *  |  v  l

( i v ) '  e r rher 11-B

J- r<'l a" = -

I  _,LJ a. = -,

t(a )  l ln  sup

(b) 
J lt.

i [' +g-L] o. = -
(2) In the case g(t) and r(t) satisfy (3-1) and condt-

ttoo (1v) of Theoren 2, respectively, Corollary 3 contains
lteoree 2 of Bladley [2] as a speclal case. In parttcula!, lf
r ( t )  =  1 ,  Coro l la ry  3  conta ins  the  resu l ts  o f  Wal tDaD [ l l ] ,
and TteoreD 2-2 of Travis [10], as special cases.

CoDslder the follolring equation

y " ( t )  +  p ( r ) y ( s ( t ) )  =  o  c : a _ : o

$he !e  p  and  g  a re  con t l nuous  oo  [ a , - ] ;  p ( t )  : 0 ,
: r s  t  - +  o .  ES . (5 -7 )  l s  a  spec la l  case  o f  Eq . (1 -2 )
I '  and  f ( u , v )  =  v .  I f  k ( t )  =  1  f o r  t  :  a ,  ve  have
ing corol lary.

Co?oLLqrV 4. '  Conside! the dif ferentlal equation
s ( t )  and  q ( t )  sa t l s f y  ( 3 -1 ) .  Then ,  i f  e i t he r  oDe
lolJlog trro conditions are satlsfled

P ( c )

eq.  (5 -  7 )  l s  osc i l la to ry ,
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Rena"k 5. Corollary 4 ioproves Theores 4-l of ong [13], Co-
rollaty 2-4 of Erbe [5], Corollary 4-1 of Kung [7], and Corot-
Lary  2 -4  o f  Ch lou  [3J ,
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