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A SIMPI,E INTERMOLECT)I,AR MODEL I]SED TO STUDY
INTI]RF.A.CES
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l .  lntroduction
'fhe 

efl-ect of body forces, i.e. not surfacc fbrces, on thc contact angle
formed l-.y a solid, a l iquid and a gas is of interest Iatcly. In prob!ems lcading
to bum ou1,  11, l ic :h are important  in  nuclear  reuctors and the cool ing of '
rocket  nozztes,  one dcals a lo t  wi th thc so-cal led "dynanr ic" '  co l l tact  angle
associated wi th thc format ion of  drv-spots.

A more c leta i lcd ins ight  in to the quest ion of  the contact  { rngle var iat ior l
wi th hocly  forces,  car l  hc obta ined,  a l though fbr  a nrore s implc problcrn,  l ls ing
a micfoscopic apploach.  This approach uses ar  s inrp lc  in tcrnLolecular  potent ia l
a long the mcthod proposed by Flachsbart  and Anl iker  ( l ) .  The problen t rea-
ted  he re i sanex tens iono f  t l r e i rwo rkby inc lud ing thee l f ec to f t he  cen t r i f uga !
force, besides the gravity force, to affect the contact angle. It wil l be shorvn,
that the contact angle is not affected by thc accounted body forces on a
zeroth order basis.

2. The problem and assumptions

The configuration consiclered here is shorvn in Figure l, where r, 0 and z
are variables of a cylindrical coordinate system that is applied. A circular pan

containing l iquid is rotated, such that a drv-spot occurs in the center, while
the l iquid is thrown to the peripheral wall of the pan as shown in the constant
0 cross-sectional view of Figure l. The volume of the l iquid is constant
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Figure I ' l  he configuration considered: solicl body rotlt ion of a l iguid in a
rotating Ptn.

and the l iquid is assumed to tre in a solid bo<ly rotation at a constant anglrlar

velocity o. The liquid is assumed to be distributed symnletricrl ly around the

axis of  rotat ion,  i .e .  the z-ax is  and t i r r thermore,  assunle b << a.

The following assurnptions are made fbr the internrolecular model:

l. The intenrrolecular attraction potential is assumed to take the same form,

both for an inter-species and a diff 'ering spccies intcraction of nrolecules,

except  for  the constant  K1,11 :
Kt . r r

P r :  - -  - 1 :  ( l )

uhcre K1,11 is a constant applicable for the interaction between mcle-

cules of species I anrl II (for an inter-species interaction it becomes Kr,r), r

the intermolecular distance between two molecules, ancl P., defincs the

three dimensional attraction potential bctween two nrolecules.

2. The force defined by thc potential as in EqLration (l) decreases rapidly

as the intermolcculitr distance, r, increases. To sirnplity the calctrlation

of the potential of a molecule clue to the interaction of other neighboring

molecules, it is assumed, that beyond a certain distance, called the cut of

distance, A, the lbrce of inleraction is neglected. This assurnption is

reasonable, because the inter:action potential is a function of the inverse

of the sixth power of the intermolecular distance. Furthermore, in

evah.rating the potential of a molecule, the surrottndiug molecules may

be assuned to be continuously distributed.

Consider the molecule located at the center of the spheres drawn in Figure

2. tf 8r is taken to be half of the average distance betrveen two molscules

of type I, then all the molecules outside this distance may be treated as



Irigurc 2 'l'hc volume of integration for the potential

of a spccics tirolecule due to surrounding lnolecules'

con t i nuo t l s l y r l i s t r i bu ted .Le tn ,deno te t l r e tno lec t r l a rdens i t yo f spec ies
I .  Then the potcnt ia l  o f  a molect t le .  can be est imated by

P,o,a,=-  * , ,  1/ /  Y* 
(2)

"V
r v l r c r c t l r e i n teg ra t i on i sca r r i edo t l t ove r thevo l t t n l e .V ,wh ich i sbe t l veen
the spheres of  radius I r  andA'

By assumptions I au<J 2, the total potential of all the molecules of the

c o n s t a n t r , o l r t m e r o t a t i n g l i q r r i c l g i v c n i n t h e c o n f i g t t r a t i o n o f F i g u r e l , c a n
lre estirrrlrtccl. The calculation proceclut'e is as follorvs. A cross-scctionrl vicw

(0 : constant) ol t l-.c configuration consiclcred here is dividcd into tbur rings,

as shotvn in  F igure 3,  accolc l ing to the type of  i t t teract ion.  Thect 'oss-scct ional

, J-,-.,,
tt.---'

--.ll*".-'--. *t-r- 
| 0'

Figuro 3 Division into rings.
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view of  these r ings is  denoted by 1,2,3 and 4 respect ive ly .  I t  can be d i rect ly
seen, that a l iquid molecule in I interacts solely rvith l iqu id molecules. Further-
r .nore,  i t  is  obvious that  a l iqLr id molccule of  r iug 2 in teracts wi th hoth gas i ind
l iqu id molecules.

Thcrefore, the potential of a l iqrrid molecule located inside the ring,
which cross-sectional area is l. becomes:

A r - 2 n

u" ' :  I  t  t  -+ n1 r2(s in o)  do<t.pdr (3)
. ! J . / r o

r - 8 L  0 : 0  ? : 0

:  !nn r .Kr r ( : -  f )
J \L\-  d t . "  /

whcrc tlre subscript L is used to indicate the l iquid.
Throughout  the analys is ,  i t  is  l i r r ther  assumed that  81 <<7\ ,  sr" rch that

I  l .
tcrnrs of  . ' rdcr  

o; l  
can he neglccted corr rparcd ,o 

# 
1 'h is  i rssunr l ' r t ion is

consistent  in  the accuracy oI  the analys is  as i l lust r i t ted hy the over lapping
reg ionso f  c ross -sec t i ona l  a reas2  &  3 ,2  &4and  3  &  4 .

Consider  a I iqr r id  nro lecule,  wl r ich nt i ty  he locatcd i r r  thc r ings wi th cross-
scctionirl area 2, 3 or;1. and lclcated at a distance y from thc intcrf ace involved.
I r r  F igLrre 3 onc car t  see,  that  area 2 invc lvcs a l iqu id-gas in tcr l t tce,  whi le  areus
3 and 4 both i r rvo lvc l iqu id-sol id  in tcr faces.  Now, fbr  a nto lect i le  of  th is  type,
i .e .  locatcd at  a d is tance y f ro ln any of  the inent ioned inter faces associated
rv i t l r  arcas 2.3 or  4,  the potent ia l  due to in termolecular  i r r teract ion is  ca lcu-
latcd by (sec f  igure 4)

- \gae

. gQ""t"'
\ '

Figure 4 Treatment of a liquid molecule near an interface.
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Herc the subscript j is used for any of the species involved in the interface

interaction of areas 2,3 or 4, except to indicate the l iquid molecule.

Consider a volume element with the sides rdg,A and a unit length along

the 0-direction located in any of the rings 2,3 or 4. For this volume clement

the potential is approximated by

A

Gr == ( . / 'n, . , , ' ,  av 
) ,a, ,

Y--8r-

wlrich upon using (4) becomes
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we can rvrite (5) as 

ur; : L\-.i rdq

and observe, that Ul3 is a function of the microscopic constantsA, 81, n1,
n;, KL;, Kr,r- only.

3. The total intermolecular attraction potential

Let t lre l iquid-gas interface be represented by z : f(r), which in paramet-
ric form can be written as z: f(t[t]), rvhere t is & curvB parameter, such
that (see figure 3),

at r : (R -- a), f[r(t)] : 0 and t == tr

a n d  a t  r : R ,  f l r ( t ) l  : b  a n d  t : t o .

Using the previously given paramctric representation of the interface
and (3), the total potential of the intcrmtrlecular attraction of all the mole-
cules in the ring with cross-sectional area I is calculated. The result is

to to
( 1 ) l t ' / f

ul.;: 2,'rnr- Unr- 
|.J 

ddt---a ( J 
',; '-l rz)+ at

tl tl

to to
f  .  t '  \ l

+ . /  
r i  n,* . /  n iat / l  (6)

tl tr

where the superscript (l) denotes the ring having cross-sectional area l. For
the rings with cross-sectional areas 2,3 and 4, the total intermolecular poten-

tials are calculated from (5) and are, respectively,

10
(2) f

trr.c =. 2n U|c I r (rz -l fs)l dt (7)
J

f

( 4 )  t .
Ur.s :  2n Uis f  rr  dt  (9)

J

t 1

Here, the superscripts (2), (3) and (4) denote respectively, rings with cross-
sectional areas (2), (3) and (4). Hence, the total potential due to the intermo-
lecular attraction is

0) (2) (3) (4)
Urre =-' Urr- -t- Urc -l- IJLS -.1 IJLS (10)

(8)

to
(3)  f

I r r . s  2n  t J i s  /  R l ' d t
J

t

t' 0



7

4. The potentials due to the accounted body forces

As was mentioned pleviously, trvo t-v-pes of body forces are accounted
here, namely gravity and centrifugal forces.

The conservative potential due to gravity for the configuration considered
here is given by

' t -  ^^  ; '

Ur_c , :  #  |  f : r i  c t t  ( l l )
- t r

while the potential associatecl rvith the centrifugal force can be expressed as

A c ,''o

u1o :  : ' +  /  r a f  i  d t  (12 )

t1

5. The stationary condition

For an equil ibriurn l iquid-gas interlace to prevail then the totar poten-
tial c,f the system considerecl here rnust reach some kind of a stationary con-
di t ion,  

"vh ich 
wi th less r igour  can be associated wi th a rn in imunr potent ia l .

It is to be recalled that the problem posseses one constraint, i.e. the constancy
of  the volume of  the l iqu id.  Thus the problem is  cssent ia l ly  a var iat ional
problem, with one constraint. Let the Lagrangc multiplier be denoted by l.
The volunic of the l iquid is calculated to be

;.
y  :2r  

/  r . ;  Cl t  (13)

{
Flence,  thc var iat ional  problern consists  of  min imiz ing the funct ional

'f : Ur.r.r -l- [Jr.c, * t jr_o - i,V (14)

which upon subst i tu t ing (6) ,  (7) ,  (8) ,  (9) ,  ( l  l ) ,  (12)  and (13)  becomcs

lt
T =--, / a (., i, f, i; t) dt (15)

i,
where

F (r, i ,  i ;  r ,0 : (Uic - A t;r.r- ny.)r ( i l  + fr)+

1- (Uis - A Ur_r. n1)Rf -l- (Ui, --A tJ11 ns) ri

J' Llr-r- ttl fir f ?f nr; + 
p+ 

r2 fi - ). fri (16)
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For a stationary condition to prevail then

s:o
d t

o r

( ' ' - *

to to

/ '(o.-H)u,, / '
I

- * ) :

-FJ -

which leads to

(o,

( ' ,

wi th thc fol lowing

This is the problenr of Bolza, sce rcfercnces (l) and (2). The
the cdge points are then regulatcd by

rt' : arbitraty

q ' -=o
and

t o '  - ' O

lo' : arbitrary

to
\  I  . l
l d t  F IF ; i - t F i f  l = -0

l l l
t l

movements of

(21)

fi7)

( t  8)

transversalitycondi t ions

: 0

' 0

r r .  oF
Hcrc,  F.  :  1 ,  F;  -  -  c tc .

er  0r

The assumption, that the l iquid is distributed synrmetrically around the
axis of the solid body rotation allows the discussion of the surfaces along which
the triplc interactiot't cuives (i.e. curves, along rvhich the solid, the l iquid and
the gas intera.ct) move jn the process of reaching the stationary condition, in
terms of curves. Denote the curves upon which the triple points t : tr and
t :- to (of the cross-sectional view) move by the fuuctions, see refercnce (2),

t t ==e '  ( ' )  )
r ,  -0 ,  r r l  )

and

(F;i 1' Fii)

1n;; -p r;f; : 0

(! e)

(20)

r o - ? o  ( r )  I
i l : t  t . l  I

(22)
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because of physical reasons, i.e. points t .: tr and t == to move along the solid
surf'ace if no breakdowns occur. Note that theprimesin equations(20)and
(21) rienote differentiation with respect to time, c.

The stationary conditions (17) and (18) are not independcnt, see for example
reference (l) for a detailed discussion. For tl-re pur?ose of this paper station-
ary conclit ion (17) wil l be used, becarrse bcth (17) and (18) would give the
same final result. Clalculation of the required derivatives from (16) and sub-
stituting then in (17) would result in the follorving equation

(23)

which esentially is the surface ter.rs.ion equation in the nricroscopic forrrt. [ ior
a cornparison the classical surface tension equatiorr is wlitten hcrc

(2-1)

- . .  (  f r - r i '( f .J ic -- \ l .Jr  . t .  nt ,)
|  ( i t  t  i t l t r2

(fl i) )
F +Tftln)

* Ur.r- 
" '  

-rt{r '* n pgf - )r :  0

rvhere y is the surface tension, (r+ t 
Ul,) 

,n" principal cnrvaturc ol the

interface, (p -po) the interfacc prcssurc difference and f the shape of the
interface.

Upon comparing (23) with (24), the following correspondence is f lrrund

r  ,  l  h ; - ; i  I  ( i / b
&_[_Gr+Ftr_"1r+lf fp
pg f : '  pg f

Therefore,

t :  1 0 i . c  - A  U 1 . 1  n 1 ) (25)

(?-6)

the stationary

P  - P o :  U 1 - 1 .  l l 1 .

r

'  (*; t  *;) + (p-po) r pef : o

,*u{- -^

*r*Y,,-u],

The transversality condition (19) cornbined with (21') gives
condition at thc triple point I (see f igure 3),

- - , f tU i "  -a  u ,  r  h r  )r, 
lffi 

(Ui., -1 tr r.r_nr_)

f (U11 ns -l-- - n
* ?

Note that at the triple point 1,

(21)
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' [  = "0
I t . : t r

combining (26) and (27) and working out the algebra result in the expression
for  the contact  angle at  the t r ip le point  I ,

(2s)unol l  : tano,
x  l t : t r

)

condition (20)

, ,  _  
- t  

/ ( :  L I1.1.  n | .  _  L j i . "u r . : S e c  ( ; , "  _ - ^ , . *Ur,s  _-A [Ja1.  n1

lJsing a sirnilar rvay, the transversirl i tv

rvith (22) and furthermore noting, that f '

(,rr) one gets the

(2e)

when combined

: 0
to

t

, I t

I
-
x

angletact

and expression lor the con-

the {.riple point 0,

- l

0 o - n - s i n

6. Conclusions

The following conclusions are lbund for the sirnple problem considered
here:

l .  The sur face (ension betu 'een the l iqu id and the gas is  nei thcr  af fected
by the accounted body fo'ces nor by the shape of the interfhce. Thc
surface tension is a frrncrion of t lre interacting species at the interface.
This resul t  can easi ly  be deduced f rom (25) .

2. Thc Interface prcssure diffe'encc, besicles clependent on the l iquicr. mo-
lecular properties, is found to depend on tlre interface shape, see equa-
tion (26). The interaction between the pressure ancl the intcrface is
demonstrated. For erample, the higher the angular velocity o:, the
higher the interface pressure worrld be.

3. The contact angles 0, and 00, sec respectively equations (29) and (30),
depend only on the microscopic molecular properties of the specics
involved in formirrg the angles and for the order of approximations
made here, they are neither dependent on the accounted body forces
nor the interface shape.

4' The problenr considered here clearly clemonstrated the capabil it ies
and limitations of nrathematical problem specification and solution
and is intended as a promction of mathematical modeling of physical
problems at  the fnst i tu t  Tcknolos i  Bandune.

,o- "" (+ -

(30;
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