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]CHTIS..1R,

Disini dibahas sarat-sd/at untuh singularitas riel terdehat dari anplitrttlo prosesz
jang ditundjuhkat oleh suatu diagran Fbyynmn deilgan satu lingharan tertutup jqng

umunnja ,nenjatahqn bloduhsi dari tartihelz. Telah ditundjuhkan, bqhwa sarat Landau
dqn ,os;tipnj4 palaruetel Feynman jang bersanghutan tidah tjukuP. Sa/qt selqndiutnjq
jang nuih harus dipenuhi teltjata rndupahan pelluqan dqri sqrqt Kartlw, Sommer-

field dan Wichmann jang dihetemukan uttuk ,,fungsi tiga titih".
Selandjutnja ahibat salat tambahan ini dibqhas, dimana ditundjuhkan fula hu-

bungannja dengan ,dugaatt" (c.rtjectule) dari l'anbu dan Blanhubechler jqng terniqta
umurnnja tah benar. Pemhahasan ini djuga dapat dipergunahan pada diagram Feynrun

lailg settborailg.

. 4  B S T R j C T .

T'he ilearest real singularities of production a,nplitude corresponding to a s;ngle loop
Fegnmandiagrcm is discussed. It is shown that Landau corulition and the positioeness

of the Feynman paranetq is not suryicient fol the part of Landau cutve to be the oearest
real singularity. The additional condition is the generalized Karqlus, Somnqfield and
lI/ichmann conrlition, originally found in the 3-point function.

The consequences of this additional condition is discussed qnd rclated to Blanhen-
betkler-Nanbu conjecture, The discussion is also applicable to qtt arbitrary Feynman
diagrant,

1 .  i \TRODUC' f ION.

Singularities of l;evnman diagrams in general has been studied by

Landaur and Polkinghorne and Screatonz, whose results are equivalent to

a certain extend.For simplicity \\'e restrict our seif to the case of singleloop

diagrarns. In this crse thc amplitude is given bv3 (see also sec. 2)
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cor r tuur  , , i  i r i t c ( ra t ioLr  over  . f - .

n' l -r iclr  is cal led thc posit ivcncss condit iou.

' l 'hese 
u'i l l  deterrnine the ncarcst singularit ics of a singlc-lor-:p diagram.

In practice the difficult part is tl're verification of the pinching of the

singuiarit ies. 'I 'his is due to the nurlt ipie irrtegratioll o\-er r, in thc express-
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ion for I'. Iror this reirson in rnost of the studv of the nearest singuiaritiesa
this has been neglected, hoping that it is satisfied automatically. In the
present papcr we are concerned n'ith this problern, i.e. tire formulation of

the pinching condition and to answer the question, n.hether, the positiveness
condition is sufficient for the part of the Landau curve to be the nearest
singularitr'.

'fhe present method is based on Plemelj formulas and thc condition
for singularity is expressed geometrically. Later this condition is
lormulated as a set of inequalities, r,vhich corresponds to a certain region
in the Landau graph. It turns out that the rcsult is nothing, lrut thc
generalization of Karplus, Somrnerfield and \\richmann conditionG. Furthcr
it is shou'n that this KS\\' conditior-r is equivalent to the pincliing one.

In sec. 2 the idea will be explained for the case of the r,ertex [unction.
An erplicite example is presented u'liich shorvs that the positiveness con-
dition es not su.fficient for a point on the l,andau curve to be a singtrlarity.
This is also evident from the discussion. In sec. 3 rve generalize the rcsult
tri an arbitrarv sir"Lgle-loop diagram s'ith n vertices.

Our meth<:d is also appiicable to allv Fevnman diagram, as one crlr
see from the Chishohn expression3'i.

2 . '  l  ) l l t  Y I ' , I { ' I 'EX  I ; l - \ ( " l  IO \ .

-\lralvtic propertics o1' the \ ertex function has been discussed bv
several autirors 3'8'e'10'6' hollever for later discussiorr. it is necessary to
preserlt this in such a form that the algebra of the quadratic forrns is reduced
to that of corresponding matriccs..Consider the vertex function associated
u'ith the Process shoul irr f ig. 1. zl, are tire internal masscs and prt are the
four-momenta of the external particles. Usirrg scllar ficlds for ail the
particles invoired ahd scalar trilinear interar:tion on each lertices one
obtaines filrite exprcssion for the vertex furrction. After pertbrming
svntetr ic  i t r tcurat i , , r t  ( )ne o l ) ta in:

/ ' 1
I ' . I r/.r, d,r', dt',, 8(1 -- ;r, -- .\ ': r,). 1) -1 (1)

. ' 0

\\ 'here 1) is a homogeneous quaclratic forrn in ,r ', :

D  ( ) ; , \ ,  )  
- ' ( ) '  r ,  ) , . r ' , m j -  ' ' u  f  i r , l t )

\\ 'e can uritc 1) as a rlratrir protlrrct .r '?'(l; .r ' . r i lrere .r '1 = (;rr,,.r,, n.,)
: r r r t l  r l r c  r n a t r i r  t 1 ) t  i s .
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If rre carry out the integration overuu' the vertcx function becomes

v: [' ' ar, / ' '-*'ur, Da,
. 0  . ' 0

The matrix of 1), is most easilv obtained from (D) lry considering the
strbstitutit;n rs: 1-rr -i\q as a l inear tralsformation fronr (.tr, rr, l).
For later discussion it is inrportant to note that the determinant of this
transformation is rurity. All these cau be gencralized to singlc-loop
diagrams u'ith tlie number of extenral masscs grcatcr than 3.

A dispcrsion relatiou is cssentially a Caucln' integral rcpresentirtions.
Originallv it is knosn the case, l'here s'e har-c ou.ly tirc normal thrcshold,
u'hicir concs from the lotver limit of the mass spectrun) so that one usuallv
iutcgrate o1.cr a part of the rcal aris. If rve havc a cut uJrich gocs o1T tire real
alis u-c halc to gencralize tire contour to tire cut. l i  t ire conditinn for the
cristence of the Cauchy intcgral representation is satisfied then the
dispcrsion relation in nothing but thc Plernelj formulai:

, L  1 r .+  -  t . - )  :  ( 1  - )  |  ,  
' t ( ,P r ' l )  

. , , o
.  L  l -  )

4

. . 1 (p ,o ) : t ( I ' * -V - )

u'lrerep, : (?'rr,p:rr) and *t: P'r, is the momcntrrm tranfer. Here I is
not retricted do the regular points of Iz. The superscript {- denotes the
limiting process from 2 opposite sides of thc contour, rvhen / is on l.
l.et rrs make 2 assumptiorrs:

1) 'I'he 
existencc c,f such an integral representation for tr/

2) l, is a part of the real aris. The second assurnption. is the same as
assuming tllat the singularitics are real, hrts-evcr s'e dt-r not assulne that t
starts fron'r anv particular pi;irrt of thc reui axis. I-ater on rr,e rvill discuss
thcse assumptions. l)y these assurnptions ut\e carr calculatc the absorptive
part .4 using the identity: (a - io)-t -(o * io.1-r - 2n i8 (a),

r r l r ich immc'd iat t '11 '  g iv t 's :

, l (p ,o )  :  l ' t  r r r .  l ' t - * '  o l ,  E (D, ) .  . . . . . . . . . (2 )
. f 0  . r 0

Let us associate a geometric picture to the conrputation of this integral.
'I'he 

boundary of integration of integral (2) is an equiiateral triangle in
the 11, ;r', plaue. D : 0 is a conic. 

'1'he 
non-zero contribution to the integr;rl
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Fig. 2. The euqilatcral triangle is the boundary of integration of (2). C is

the curve D : 0. 0 and.;ti are thc br-rrrndarr. of integration for the absorptive
part of thc vertex functron.

c(,nlcs from the zeros of 1), hencc ",{ : 0 onlf if there is a part of the conic
rvhich l ics inside tire triangic 7"'.-.note that the shape and the position
of the conic depcnds uporr (pr, o). It is obvious that at the threshold of V
tl-re conic start to enter 7'. 

' [ 'here 
are onlv two ways for D, : 0 to enter

into 7', i.e. s'hen it touches thc boundary of ? or suddenly appears as a
point -e l l ips ins ide '1 ' .
' l 'herefore:

(i) At tl-ie ttr,tnrtal thrc:shc.ld of l', the conic 1), : 0 is tangeilt to one of
the sides of 

'1'.

( i i) At the anontalous thrcshold, t l-re conic D, : g suddenll. appcars in
I ' as  po i t ; t - e l l t i ps .

x+
I
I

iNS' I ' I ' I ' I , ' ' f  'TI I I (NOLOGI 
BA\DLTNG
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*r
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Fig. 2 a.1'hc equilateral triangle is the boundary of integration of (2). C is
the curve D : O. r1 are the boundary of integration for the absorptive part of
the vertex function.

(ii) comes I'rom the fact that as the ellips grol's, it touches the side of
the triangle fr<-im inside at the normal threshold. 

'Ihese lcad to the samc
eqs. of Polkinghorne -- Screaton (PS) -- condition (i) of sec. 1--- that
is: (i) is equilalent to

6 D  d l )
. r ' ,  - -  [ )  ;  *  = .0 ( . i  ,  2 ,3 )  and  ( i i )  u i t h  *  0  ( i . .  1 ,2 ,3 ) .  and

d  \ ;  d . \ i

constitute a homogeneous linear eqs. for ii, u'hcise solution rvith
.!r -i rz -i r:, =. i gir-esthe coordinates of the point of tangencv and of the

point-elips respectively. 
'lhc 

crluation of singularities comes from the

requirernent tirat these eqs. has ir non-trivial solutions, that is thc 2 bv 2
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main-nrinor of det. (1)) in thc norrnal case, and the deterrnilarrt of (1))
itself in the ar.omalcus casc, is equal to zero. 'fhe reqtrirement that the
tangent point or the point-ellips to l:elong to the closed region 7'is
essentiallv the pcsitir,eness conditiorr (i i) of sec. 1. We have rcproduccd the
equation of the singuiarit ics and tirc pc,sit i leness condition in our pirtur,:.
Hou-ever (ii) is more than that, it requires that D : 0 is a point-ellips. 'l'his

does not follos' {rom det. (/)) : 6.1. 'I'he 
last equation savs only that D : t)

is degeneratc. Since s'e irar e one centrc of symtnctn' the posibilitl' of bcing
a pair of inters.ecting lires is irot excluded. 

'l'he 
point-ellips condition ri'ill

be forrnulated bv salirrg tlat D : 0 uil i  not ir\tersect ;rcr: 0 (i - 1,2).
'I 'his leads to the 2 bv 2 main-nriror of det. (D) rnust be positive. 

' l 'his 
is

essentially the same as Karplus-Somrrerfield-Wichmanir conditionG, tvhich
is ol',tained and cxprcssed ili a dillerel'rt \\'a)'. 

'fo ili'.rstrate the situation l'e
take as an eranple the fcrrn factors, t 'here Plz:,?'i".::. We restrict

otrrself to real inte mal nlasses. I lr this case: det. (r) : -- t lnft -- z
(4m - :)i : tt all internal rnasses beiirg equal to rn. 

'I 'he 
curvc .-rf

singularit ies, the l.andau curve, in the real. (.:, l) plane is shorvn in fig. 3.
z : t : 4nP are tl ie nornial thrcsl-rolds. In the i lrterior of the sqlrare
0 < 4m2,0 < I < 4nt, tlte main-miLors are positive . Shaded regioil is thc

region of positive l'eynman paraneters .r,. \\ie conclude from the above

discussion that only the part ot dct. (D) : 0 rvhich iies in the iliersection

of the tg'o regions u'ill givc the anomalous singularity in the physical sheet.
'l'his 

is s'cllkos'n. Hos'er-er rvhat liappens if .s > 4 nP ? If this inequality
is satisfied then l) -- 0 alri'ays clrt trs -- i -- tr- xz:= 0 and xz:0 at
trvo points on each. I'Iou"er-er n{)\1 tl..e raliciity of (2) is doubtful,

since I ' is no longer single-raiueti, because \ye are ou ti ic cut in.s

compler plane. (Cf. Plemelj fonnula for I on thc cut). 'fherefore 
uothing

can be said at this point. Oehne has shc;rvn8, b,v analytic cclntinuatiorr of
the dilferentiated form cf tr;, that the singuiarity disappears frum the

plr,vsicai sheet. 
'I'his 

shou.s that tlie positiveness conditii,rri is zol stiJicient.

1'he singularitv is the nearest since u e approach it frorn the phlsical

region, rvhich is rcgrrlars.
Let us go back to the crrlculation of the absorptive part .\ in (2). ' l 'he

result of r, i lrtegration is 2.R, (D,l 1, *'here .4,(l),) is the discrinrinant of 1)-

rvith rcspect to the pararnrjter . ' .,. 
' i ' iren

r  - l

-J (:  ,  c) |  , t :1 .  2R, (/) ,) '5, l i rr  6,! . : .-  6 < 4nf
t -

I

6,t i : i tonraious thrcslrold

I \ S  f  t ' f  t ' ' l " t  F ] i \ o L ( ) ( ; I  I l . 1 \ i ) L ' \ ( ;
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dcr (D) - -  0.  Shai l r t i  rcgion is  thc region of  posi t ive
Fig.  3.  I i  is  the curve

Fe1'runan Piirametcrs.

r u l d  - j 1 r : , o i -  f  . r , , / ' r r . l 1 ( ' ( ' D , ) 1  ,  l t t  o  * t r t )
. ' 0

i i  Zni! .-  : :  - i  ' f rai.  ' l  
hc l ;oundarics t, i  t i ,c t i rst i rr tcgral is betr i 'ecn thc

t\o r.ertical tlln.gcnts to thc ctlnic l), 0, riltiic thc sr:c.tld is betrveen tile

.yo aris and tlle lertical tanqent irlside 7'. \tite tliirt iir ti-re first case the

.l l ip,.  is inside ?'.  i i  :  ) ,  $n2 then thc irrtcgral is t ;r t iv equal t ' . r  the second

ur,..,. \\'" sc:e that tlie cfl'cct oi thc |ornial tlircsiir,ld iti tire a;lomallus case

disappcars, as t irst obserrc:d i ,v I l larr i iai l l .c 'ckle-r and \ami- 'u 10. ' l ' l r is 
is

.1"u,. ln orlr  picture sincc in thc ant;nralt ;us casc thc conic tot iches the n,

aris frolr inside, rrhi lc in the l l t ;rrnal case i t  is |rour orrtside of 7"

4m
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This section uill be closed l'ith some remarks. Firstly, the procedure
leads to the correct physical sheet is clear, since rve have used the vertex
function defiued b-v the definite real integral (1) over the Feynman
pararneters3'8, in contrast to PS treatment rvhere it is extended to the
complex one. Consequeltiy instead cf the pinching vve have the point-ellips
condition. Second, the assumption that the singularities are real is not
serious, since r've knorv tire Landau curve. By restrictirrg some parameters
to a certain range this can be satisfied. l'hirdlv, the assumption abor.rt the
existence of the Cauchy iiitegral reprcsentation is reasonable. Tlie condition
for this is thirt the absorptive part satisfies the Ilcjlder condition5. Estimates
of tire behaviour of Iz* uear tire singularities r'2'11 shorvs, that indeed the
11 condition is satisficd.

3. TIIE Si\GLE-I-OOP IrtiY\\IAN DI:\GRANI.

T'he amplitude of a single-l,lop diaqram n.ith n extcmrrl particles,
s-hich corresponds to prcduction process, is

, . 1

l t  :  I  I I ,  r / r ,  , ] ( 1 ' -  X , ; .  1 l - t ' - '  . . . . . .  ( 3 )
. , 0

g'hcrc tl-re inder i runs frorn 1 to n. D is the same as in the vertex function

c\cept that lrorv the range of the index is crtendcd up to /r. 'I'he 
trouble

iir gcrreralizing the previous rcsult is, that nou' tire porver of D is - (" - 2)

+ - 7, so that r e camrot use tite rnethod of sec. 2. lior this reason we
construct a ncrv function: Ii dcfined in the same \ray as Z ivith a change in
the porver of D; instead <rf -- (, - 2) l.e take - 1. ,' is tirei-r relrrted to F
by the fr,ll.;iiing difiercntial opcratii.rn uitir reslrect to the intenral masses:

, ' -= ()18 ,!d nt7)"-3 F.

'Ihe analytic propertics of Ir and tr'- ri ill be the same, although the t1'pes of
singularities rnight be dilTcrente. 'fhe 

corresponding integral to (2) for the
absorpti i 'e part of F is norr over an z - I dirnensional equilateral

"'I'etralrydron" 7'n-, irr r dirnensionai Luclediarr space boundcd by the
l r v p e r p l a n e s  r i - - 0  ( i : 1 , 2 ,  . .  r l ) ,  r v h e r e  t r n - : 1 - ( " r * " t )  J -

- L r '  \
L  . r  r -1  , / .

Using the classification c.rf 
'I'arskill 

we can fonnulate the conclition for
tlie ne:rrcst real singularities of ir single-loop diagram as:

"At t l ie Ca singularity of a single-loop Feynrnan diaqram rvith n
cxtcrrral l l lasscs:

I I iS ' ] ] ITUT TEKNOLOGI B.{NDUNG
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( i )  f o rA  <  r_ -  l  t hehvpe rsu r fase  D-0  i s tangenJ toakd imens iona l
plane .t',' : 0 (for somc ,t - & Feynman parameters) as a boundary
ol 

'I ' , ,-, 
at uttr-poittt.

( i i )  fc . r l r :  n-1D --  0 is  a point - l i r ,pere l i ipsoid ins ide 7 ' , ,_r" .
Note tliat for a higher dimensiorral quardratic surtace it is possible that a
hyperplane is tangent to it t'ith a los.cr dirnensioral plane in connron-
\\ie u-ill discriss onlv (ii) sincc (i) is essentiallr' tire same problem in a lorver
dimensior.ral space.

As before the conditioi 'rs lcad to the PS cquation o1' singularit ies ald
the pcsitiveness cc'ndition. Lct us find the poiirt-hypcrellii'rsoid condition
more explicitr'. Flerc s'e also trv to find the intcrsection q'ith sornc n', : 0.
'I l :e interscction is gir-cn trv tl ic cqtration D (.r1 + i,r ' i .:0) =- 0.

For this to have no real poil ' ,ts, this D must be cither negatite or
positive dcfinite. lf the internal masses are real, the first possil-ility is erclu-
ded. A thccrenr on quadratic formsl2 statcs that a nccessarv a:rd sufficicirt
condition 1t.r' ir hern-ritian quadratic for to be positivc definits is, that the
dctemrirrarrt of its matrix and all i ts nrain-minore arc positivc. Since the
deternrinalrt of (D,) and ail i ts main-minors is thc sanie as that of (D) (cf.
ren'iark in the begining of sec. 2.) it foiloss that: " 'f 'he conditic-rn icr thc
rrcarcst  rca l  s ingula-r i t ics c , f  t lpe C* uht-ge equat ion is  dct .  (D)u:0 is  that
all i ts mair,-nriucrs are positi le." iu addition to the p('sit i\,criess conditiorr.
(Do) is tlie "nain-minors" of the matrix (D) n'hich is /r by A. An imrni-
diate conseqrience of this is that the nearest re:rl singuiaritv of a single-
loop diagrarn is located in a fir'rite region.

Since the tarrgency of the quadratic surface to a /r * 1 dimensional
plano orr the boundarv of ?,,-, can onlr. occur after it touches a /t
dimensiclrral plane, it foilc'us that: " ' l 'he uearest rcll sirrgularity of type
Cft-r is l 'arthcr than that of tvpe C a uith respect to the origin." In the
CA sirrgularirl ' ,  thc Ct <,ne (l < A) does nct "i i l lect" thc absorptire part of
presencc of l;. ' l  l i is can bc eesilv r isuaiizcd in tl ic case of thc tbur-point
lunction. l lence Ir uil l  certainlv satisfy tirc corijccture of Blankcirbeckler
and Nanrbulo, houercr it is trut l)cccssilrv trl le f,rr I-. 

' i 'his 
is clearly

sl;t un irr arr cranrple girerr b1' Orhruc in the cass oi rcrtcx functione.

l; inall l 'r ic u<rtrld l ike t<,r rclatc thc pirrching trit ir t l ie poitit-hyperel-
l ips;o id corrd i t ion.  I1 ' le  are ot }  thc Landau currc i r r  thc phvsical  region
tl lcrt 1) is positir c definite. Since the matrix (1)) is the rocts ot hennitian D
(ru) in tach Feynman parainctcr arc complc.t eunju3ate orre to another, they
lic c'r 'r thc opposite sidcs of t l ie rcal aris irr thc ,r, coruplex plane. As we let
the point approach the L:rttclatr cun-cthcse siirqrrlarit ies pincir rirc rcal axis.

vo l - .  2 ,  \o .  3 ,  pRoct r t r t ) INr ;s  1963
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