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Abstract. For a graph G, with the vertex set /(G) and the edge set £(G) an edge-
magic total labeling is a bijection f from V(G)U E(G) to the set of integers
{,2,---, |V(G)|+]|E(G)|} with the property that f(u)+ f(v)+ f(uv)=k
for each uv € E(G)and for a fixed integer k. An edge-magic total labeling f'is
called super edge-magic total labeling if f(V(G))={.2,---,|V(G)|} and
FEG)={VG)|+], [V(G)|+2,---,|V(G)|+]|E(G)]|}. In this paper we
construct the expanded super edge-magic total graphs from cycles C,,

n

generalized Petersen graphs and generalized prisms.
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1 Introduction

All graphs considered here are finite, undirected and simple. As usual, the
vertex set and edge set will be denoted V' (G) and E(G), respectively. The
symbol |A| will be denote the cardinality of the set 4. Other terminologies or
notations not defined here can be found in [2,7,15].

Edge-magic total labelings were introduced by Kotzig and Rosa [8] as follow.
An edge-magic total labeling on G is a bijection f from V(G)uU E(G) onto

{1,2,---,|V(G)|+]| E(G)|} with the property that, given any edge uv,

J@)+ W+ fuv)=k

for some constan .. It will be convenient to call f(u)+ f(v)+ f(uv) the edge

sum of uv and k the magic sum of f. A graph is called edge-magic total if it
admits any edge-magic total labeling.

* This work was supported by Hibah Bersaing XII DP3M-DIKTI,
DIP Number : 004/XXIII/1/--/2004.
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Kotzig and Rosa [9] showed that no complete graph K, with n>6 is edge-
magic total and neither is K,, and edge-magic total labelings for K;,Ks and
K, for all feasible values of £, are described in [14].

In [8] it is proved that every cycle C,, every caterpillar (a graph derived from

a path by hanging any number of pendant vertices from vertices of the path) and
every complete bipartite graph K, , (for any m and n) are edge-magic total.

Wallis et.al. [14] showed that all paths P, and all n-suns (a cycle C, with an

additional edge terminating in a vertex of degree 1 attached to each vertex of the
cycle) are edge-magic total. It was shown in [16] that the Cartesian product
C, x P, admits an edge-magic total labeling for odd ».

It is conjectured that all trees are edge-magic total [8] and all wheels W, are

edge-magic total whenever n 3 (mod 4) [4]. Enomoto et.al. [4] showed that the
conjectures are true for all trees with less than 16 vertices and wheels W, for

n<30. Philips et.al. [12] solved the conjecture partially by showing that a
wheel W,, n=0 or 1 (mod 4), is edge-magic total. Slamin et.al [13] showed

that for n =6 (mod 8) every wheel ¥, has an edge-magic total labeling.

An edge-magic total labeling f is called super edge-magic total if
JW(G)={L2,--[V(G) |} and f(E(G)) ={[V(G)[+L[V(G)|+2,---,[V(G) |+
| E(G)|}. Enomoto et.al. [4] proved that the complete bipartite graphs K, , is

super edge-magic total if and only if m=1 or n=1. They also proved the
complete graphs K, is super edge-magic if and only if n=1,2 or 3.

In this paper we will construct the super edge-magic total graphs by hanging
any number of pendant vertices from vertices of the cycles, generalized prisms
and generalized Petersen graphs.

2 Results
For n=3 and p2>1 we denote by C, + 4, a graph which is obtained by adding

p vertices and p edges to one vertex of cycles C, (say v;). The vertex set and
the edge set of C,+4, are V(C,+4,)={v;:1<i<n}U{u;:1<j<p} and

E(C,+A4,) =y 1<isn-1} Uiy puivu; 1< j< p}.
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Let (n,p)—sun be a graph derived from a cycle C,, n>3,by hanging p
pendant vertices from all vertices of the cycle. Let us denote the vertex set of
(n,p)—sun by V((n,p)—sun)={v;:1<i<n}Uly; ;:1<i<n,1<j<p} and
the edge set by E((n, p)—sun)={v;v;.;:1<i<n-1} U{v,v}U {vl-ul-’j :1<i<n,
1< j<p}. Observe that |V((n,p)—sun)|=|E((n, p)—sun)|=n(p+1). The
cycle C,,n =3, is super edge-magic total if and only if # is odd (see [4]). Now,
we shall investigate super edge-magic total labelings for graphs of C, + 4, and

(n, p) —sun which are expanded from a cycle C,.

Define a vertex labeling f; and an edge labeling f, of C, + 4, as follows,

”T” if i isodd,
ﬁ(vi): i . ..

0l if i iseven,
Silu;)=n+j forl<j<p,
fr(vvig)=2(n+p)+1-i for 1<i<n-1,
L) =n+2p+1,
Sovu;)=n+2p+1-j for 1<j<p.

Theorem 1. [f n is odd, n23 and p =1, then graph C, + A, is super edge-

magic total.

Proof. 1t is easy to verify that the values of f; are 1,2,---,n+ p and the values
of f, are n+p+1l,n+p+2,---,2n+2p and furthermore the common edge

; _ Sn+3
sumis k=2p+=5=.

Theorem 2. If n is odd, n>3 and p>1, then graph (n, p)—sun is super edge-
magic total.

Proof. Label the vertices and the edges of (n, p) — sun in the following way.

f:(v)=fi(v;) for 1<i<n,

Sf3(u ;)=nj+1 for 1< j<p,

f3(u; ) =n(j+1)+2—i for 2<i<n and 1< j<p,
Javi)=2n(p+1)+1-i for 1<i<n,
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Jfa(v,v)=2np+n+l,

2n(p+1)—nj if i=1and 1< <p,
faOa; j)=12np+n(1= )+ if i isodd, 3<i<n and 1< /< p,
2”(p+1)—nj+% ifi iseven,2<i<n—1and 1<j<p.

We can see that the vertices of (n, p)—sun are labeled by values 1,2,---,
n(p+1) and the edges are labeled by n(p+1)+1, n(p+1)+2, ---,2n(p+1).

n+3

Furthermore, all edges have the same magic number k =2n(p+1)+ 5

A generalized Petersen graph P(n,m), n>3 and 1<m < \_”T_IJ, consists of an

outer n-cycle vy,v,,---,v, a set of n spokes v;z;, 1<i<n, and inner edges

Z;Zivm» 1<i<n, with indices taken modulo 7.

For n25, m=2 and p=1,we denote by P(n,2)+4, for a graph which is
obtained by adding p vertices and p edges to one vertex of P(n,2), say V.
Hence, V(P(n,2)+4,)=V(P(n2) U iu;:1<j<p} and E(P(n2)+A4,)=
E(P(n,2)) U {vu;:1< j< p}.

Let P(n,2,p) be a graph derived from P(n,2), n>5, by hanging p pendant
vertices from all vertices v;, 1<i<n of P(n,2). Then the vertex set of
P(n2,p) is V(P(n,2,p))=V(P(n,2))V{u; ;:1<i<n,1<j<p} and the edge
setis E(P(n,2, p)) = E(P(n,2))Uivy, ;:1<i<n,1<j<p}.

In [11] it is proved that generalized Petersen graphs P(n,2)are edge-magic
total. Fukuchi [6] showed that P(n,2) are super edge-magic total.

Theorem 3. If n is odd, n25 and p =1, then the graph P(n,2)+ A, has a
super edge-magic total labeling.

Proof. Consider a bijection, fs:V(P(n,2)+4,) —>{l,2,---,2n+ p} where,

n++ if iiseven, 2<i<n-1,
Sfs(vi) = 2
SV T30k if i isodd, 1<i <
5 11s0dd, 1s1=xn,
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noid if i =1(mod 4),
2n-itd f =) (mod 4),
fS (Zi) = 4‘ 4 .
3”% if i =3 (mod 4),
dnitdif =0 (mod 4),

Ss(u;)=2n+j for 1<j<p.

We can observe that under the labeling fs5, {fs5(v;)+ f5(v;y1): 1<i<n}=
{S”T”H':lﬁiﬁn} and {f5(zl-)+f5(zl-+2):13i3n}={”T+1+i: 1<i<n} with
indices taken modulo n. Moreover, {fs5(v;)+ f5(z;):1<i<n}= {%H:lSiSn}
and {fs(v1)+f5(uj):1SjSp}:{%+j:1Sj£p}. The elements of the set
s+ fsip)1<i<ny U {fs(z) + f5(z0) 1<i<n} O {fs(v) + f5(z;):

I<i<n} U {fs(v))+ fs(u;):1<j<p} form an arithmetic sequence "T“+1,
1 Intl  Tn+l Tn+l

%+2,--~, "2+, ”2+ +1, -, ”2+ +p. We are able to arrange the values

2n+p+1,2n+p+2,---, 5n+2p to the edges of P(n,2)+ A4, in such way that

the resulting labeling is total and every edge xye E(P(n,2)+A4,), fs(x)+

f5(0)+ fs(xy) =123 12 p. Thus we arrive at the desired result.

Theorem 4. If n is odd, n>5 and p>1, then the graph P(n,2, p) has a super
edge-magic total labeling.

Proof. Define a bijection, f:V(P(n,2,p))—>{1,2,---,n(p+2)} as follows,

feu )=n(j+1)+1 for 1</ <p,
Jo; ;) )=n(j+2)+2—i for 2<i<n and 1<;<p.

We can see that under the vertex labeling f4; the values f4(x)+ f4(») of all

edges xy e E(P(n,2, p)) constitute an arithmetic sequence ”T”Jrl, "T“+ 2,00,

Tntl  Tn+l Tn+l : :
S, 4L, S+ mp. If we complete the edge labeling with the
consecutive values in the set {n(p+2)+Ln(p+2)+2,n(p+2)+3,:--, Sn+
2np} then we can obtain total labeling where f4(x)+ fo(3)+ fo(xy) =

]1}’;+3 + 2np for every edge Xy € E(P(naza p))
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In the sequel we shall consider a graph of a generalized prism which can be
defined as the Cartesian product C, x P, of a cycle on n vertices with a path on
m vertices.

Let V(C,xP,)=1{v;;:1<i<n and 1<k<m} be the vertex set and

E(C,xFB,) = Vi 1<i<n and 1<k <m} U {v; ;v 4, :1<i<n and

1<k <m-1} be the edge set, where i is taken modulo #n. For n>3, m>2 and

pzl, we will consider a graph (C,xPF,)+4, (respectively a graph
n .

(C,xP,)+ ZA;, ) which is obtained by adding p vertices and p edges to one
i=1

vertex of C,xF,, say v, (respectively to all vertices v; 1<i<n of

i,m>

C,xB,). Thus V(C,xB,)+4,) =V(C,xB,)Ufu,; :1< j < p},

V((C,x B+ 2 A))=V(C,xB,) U{u,; ;:1<i<n,1< j< p},
i=1
E(C,xB,)+4,)= E(C,xF,)V{v u;:1<j<p}, and

n .
E((C,x P+ A4,)=E(C,xP,)V{v, yu; ; :1<i<n,1< j< p}.
i=1
Figueroa-Centeno et.al. [5] showe that the generalized prism C, x P,, is super
edge-magic if n is odd and m > 2.

The next two theorems show super edge-magic total labelings of graphs

n .
(C,xPB,)+4, and (C,xB,)+ > A4,.
i=1

Theorem S. If'nis odd, n23, m22 and p 21, then the graph (C,xF,)+ 4,

has a super edge-magic total labeling.

Proof- If m is even, m>2, 1<k<m, 1<i<n, then we construct a vertex
labeling £, in the following way,
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n(k—1)+ % if iisodd and kis odd,

£ nk + % if iisevenand k is odd,
Vi) = ; n . .
Tk nk + 5 if iisodd and £ iseven,
n(k=1)+% if iisevenand k iseven,

Srw)=mn+j for 1< j<p.

If misodd, m>3,1<k<m,1<i<n, then we define a vertex labeling fz as
follows,

”T” +n(k—1) if i isodd and k is odd,
5 +n(k=1) if i iseven and k is odd,
Jsi ) =qnk if i=1and k is even,
n(k—1) +% if i isodd and £ is even,
n(k—1) +%"" if i isevenand k is even,

Js(u;)=mn+j for 1<j<p.

It is easy to verify that for each edge xyeE((C,xPF,)+4,) the values

f2(xX)+ f7(y) and fz(x)+ fz(y) form an arithmetic sequence ”T“ +1, ”T“ +2,

n-3

-1 -1
e, 2mn =152, 2mn — A2 2mn—”7+p.

Let fy be a bijection from E((C,xF,)+4,) onto {L,2,---,2nm—n+ p}. We

can combine the vertex labeling f; (or fg) and the edge labeling fo +mn+ p
such that the resulting labeling is total and the edge sum for each edge

xy e E((C, x B,)+A4,) is equal to 3mn + 3;” +2p.

Theorem 6. If n is odd, n>3, m>2,and p=1, then the graph (C,xP,)+

n .
1 . .
Z;‘A p has a super edge-magic total labeling.
i

Proof. Define vertex labeling f;,and f;; such that :

S0 = fr(viy) ifmiseven, I<k<m, 1<i<n,
M) =fs(viy) ifmisodd, 1<k<m, 1<i<n,

Jio(uy ;) = fii(uy ;) =n(m+j-1)+1 for 1<j<p,
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n .
We can see that vertices of (C, me)+ZA; are labeled by values 1, 2, 3,

i=1
~,n(m+p) and f,(x)+ f,(y) for all edges xye(Cnme)+ZA; and
i=1

te{l0,11} constitute an arithmetic sequence ”T” +1, "T” +2,:0, 2mn—

-1
S+np.

n .

We can complete the edge labeling of (C, xP,,)+ ZA; with values in the set
i=1

{n(m+ p)+L,n(m+ p)+2, -, n(3m+2p—1)} consecutively such that the

common edge sum is k=3mn+2pn—";3. Thus the total labeling of

n .
(C,xP)+). 4, is super edge-magic and the theorem is proved.
i=1
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